A plane graph is dual-eulerian if it has an eulerian tour with the property that the same sequence of edges also forms an eulerian tour in the dual graph. Dual-eulerian graphs are of interest in the design of CMOS VLSI circuits.
Introduction
In this article, all graphs will be plane, finite, connected, and not necessarily simple. A walk in a graph between vertices v 0 and v k is a sequence of vertices and edges (v 0 , e 1 , v 1 , e 2 , . . . , e k , v k ), where v i−1 and v i are the endvertices of the edge e i . A trail is a walk with no repeated edge and a tour is a trail with v 0 = v k . For every plane graph G the geometric dual, G * , can be defined. To each edge e of G there corresponds a unique edge of G * , therefore we can give the following definition. A walk in a plane graph G is dual, if the same sequence of edges also forms a walk in G * . A plane graph is dual-eulerian, if it has a dual tour, which is eulerian. The problem whether or not a given plane graph is dual-eulerian is solvable in polynomial time, since any dual walk is composed of petrie walks [9] .
Dual-eulerian graphs play an important role in the design of CMOS VLSI circuits, see [4, 8, 11] , where it is convenient if the graph representing a circuit has a dual-eulerian walk. Usually, a given plane graph G does not have a dual-eulerian walk. In that case we can try one of the following:
• Embed G differently. Recently, a polynomial-time algorithm has been found which produces dual-eulerian embedding of a graph in the plane if it exists [10] .
• Find a decomposition of G into a minimum number of edge-disjoint dual walks. This problem is known to be NPcomplete [12] , but it is solvable in polynomial time for some special families of graphs such as series parallel graphs, see [8] .
• Extend the graph to a "similar" graph which has a dual-eulerian walk.
Our paper deals with the last possibility; we consider series-parallel extensions of graphs which are obtained by doubling and subdividing edges, see Section 3. Every dual-eulerian plane graph also has an eulerian Petrie tour [9] , thus we consider series parallel extensions of plane graphs to plane graphs with eulerian Petrie tours. We prove that the problem whether a plane graph can be extended to a graph with an eulerian Petrie tour by only subdividing or by only doubling some edges is NP-complete. We reduce several special cases of extensions to the problem of finding hamiltonian cycles. In particular, we prove the following results:
• A 2-connected plane, bipartite, cubic graph G can be extended to a graph with an eulerian Petrie tour by doubling the edges of a 1-factor if and only if G has a hamiltonian cycle.
• A 2-connected plane graph G has a single series parallel extension to a graph with an eulerian Petrie tour if and only if the medial of G has a hamiltonian cycle.
• A plane cubic graph G with a hamiltonian cycle has a single series parallel extension with an eulerian Petrie tour and at most n = |V (G)| additional edges.
The question whether or not a plane cubic graph contains a hamiltonian cycle is known to be NP-complete. This shows that the problem whether or not a 2-connected plane graph G has a single series parallel extension to a graph with an eulerian Petrie tour is also NP-complete.
On the other hand, the Barnette-Tutte conjecture says that every planar, 3-connected, cubic bipartite graph is hamiltonian. According to this conjecture, every plane, 3-connected, cubic bipartite graph could be extended to a graph with an eulerian Petrie tour with just doubling the edges of one 1-factor.
All the proofs in the paper are constructive and give rise to simple polynomial time algorithms, given the hamiltonian cycles. The hamiltonian cycle problem has been extensively studied and although it is NP-complete, several useful algorithms which find hamiltonian cycles in given families of graphs can be found in the literature.
Preliminaries
In this section we introduce the notions and the tools, which we will need in further sections. In an embedding of a graph in the plane with a given orientation, the cyclic order of edges around each vertex v is uniquely determined and it is called the rotation of v. An A-trail in an embedded graph G is an eulerian tour such that every two consecutive edges are adjacent in the rotation of the common vertex. A Petrie walk in a plane graph G is such a walk that when travelling along we alternatingly turn left and right at the vertices. An example of a Petrie walk is shown in Fig. 1 , where the dotted curve indicates the order of edges in the walk. We shall only consider closed eulerian Petrie walks, which are a special kind of A-trails. Petrie walks have an interesting property. For the proof see [7] . It is well known that the faces of a plane eulerian graph G can be colored by two colors. In other words, its dual G * is bipartite. Two simple corollaries follow (see also [13] 
Let G be a connected 4-valent plane graph. Since G is eulerian and plane, its faces can be colored by two colors, say red and white. We now define a graph G R , which is called the graph of red faces of G. The vertices of G R are the red faces of G and two vertices are connected by an edge, if the corresponding faces of G share a vertex-one edge for each common vertex. The embedding of G also determines a plane embedding of G R . Observe that G is the medial graph M(G R ) of G R : G has as its vertex set the edges of G R and two of them are connected if they are consecutive in the rotation of a common vertex in G R .
Anton Kotzig [6] has shown, that the spanning trees of G R are in one-to-one correspondence with A-trails in G. Since then, the relationship between the spanning trees of G R and A-trails in G has been widely used (for example in [1, 5, 13] ).
Let G be a 4-valent graph which contains an eulerian Petrie tour. Then G is bipartite and we can color its vertices by two colors, say black and white. Since to each vertex of G, there corresponds an edge of G R , we have a natural coloring of edges of G R by two colors (which is not a proper edge-coloring). The following theorem from [13] will be one of our main tools.
Theorem 4. Let G be a connected 4-valent bipartite plane graph with a given face coloring by red and white colors and a vertex coloring with black and white colors. Then G contains an eulerian Petrie tour if and only if the graph of red faces G R contains a spanning tree which consists of exactly all the white or exactly all the black edges of G R .
The same theorem can be easily generalized to 2-connected plane eulerian graphs, using the relationship between A-trails in a graph G and the spanning trees of its hypergraph of red faces H R (see [2, 5] ). Since our results depend only on Theorem 4, we don't state such a theorem explicitly.
By Proposition 1, any Petrie walk is also a dual walk. For 2-connected graphs these are also the only dual walks, see [9] . Fig. 2 shows a graph having a dual-eulerian tour, which is not a Petrie tour. This graph also has a Petrie tour with the sequence of edges e 1 , e 2 , e 4 , e 3 . This is no coincidence, since every plane eulerian graph which has a dual-eulerian tour also has an eulerian Petrie tour [9] . In the design of CMOS VLSI circuits, dual-eulerian trails are of interest. Here we only consider dual-eulerian (Petrie) tours, because the proofs we give are only valid for eulerian Petrie tours. To consider also trails, a completely different approach would be needed.
We conclude this section by introducing one more notion. A straight-ahead walk in an embedded eulerian graph always passes from an edge to the opposite edge in the rotation at the common vertex. It is well-known (see, for example [7] ), that Petrie walks in graphs are in one-to-one correspondence with straight-ahead walks in their medial graphs in the following sense: 
. , a k ) in M(G).

Series parallel extensions to graphs with eulerian Petrie tours
Proposition 3 tells that any plane graph with an eulerian Petrie tour must have vertices of degree 2 and/or double edges. By double edges we will always mean, that these two edges are embedded so that they form a face of length two. If we subdivide or double some edges in a graph on a surface, the structure of a graph does not change much. Adjacent edges remain adjacent or they are at distance 2, the same holds for the faces. We call a graph, obtained from a graph G by substituting some edges of G by any one of the graphs from Fig. 3, a series parallel extension of G.
It turns out that every plane graph has a series parallel extension with an eulerian Petrie tour. Servatius and Servatius [9] construct such an extension in the following way: they find a spanning tree T in a plane graph G, double and then subdivide the edges from T and subdivide and then double the edges from E(G\T ). The graph G thus obtained has an eulerian Petrie tour which can easily be seen: let us color with white color the vertices of G , which correspond to vertices of G, and the faces of G , which correspond to faces of G. We color the new vertices with black color and the new faces red. The hypergraph of red faces H G then has a spanning tree which consists of exactly all the white edges. The theorem now follows:
Theorem 6 (Servatius and Servatius [9] ). Every connected plane graph has a dual-eulerian series parallel extension with at most 4|E(G)| edges.
Of course there exist series parallel extensions with fewer additional edges. An important open problem is to find a series parallel extension of a plane graph with an eulerian Petrie tour and as few additional edges as possible. For a start, let us check in which cases doubling or subdividing edges is enough. We will call a graph obtained from G by subdividing some edges a subdivision of G.
Proposition 7. Let G be an embedded eulerian graph. Then G has a subdivision with an eulerian Petrie tour if and only if it contains an A-trail.
Proof. By gluing together the subdivided edges a Petrie tour in a subdivision of G becomes an A-trail in G. Conversely, when travelling along an A-trail in G we subdivide every edge at which we arrived end left at the same side. In the graph so obtained, the corresponding sequence of edges is an eulerian Petrie tour. 
Proof. (⇐)
Let G * contain an A-trail T. We can subdivide some edges to obtain a graph G * with an eulerian Petrie tour. By Proposition 1 also the dual of G * contains an eulerian Petrie tour. But G * is just G with some parallel edges added.
(⇒) Let G be obtained from G by adding some parallel edges and let G contain an eulerian Petrie tour. Then also G * contains an eulerian Petrie tour. But G * is essentially G * with some subdivided edges. By Proposition 7, G * then contains an A-trail. The problem whether a plane eulerian graph contains an A-trail is NP-complete even for the family of 3-connected plane graphs with all the faces of length 3 or 4 [2] . That means that the problem whether a plane graph can be extended to a graph with an eulerian Petrie tour by only subdividing or doubling some edges is also NP-complete. For some special families of plane graphs, such as 4-valent graphs and outerplane graphs, efficient algorithms for finding A-trails can be derived, see [5] . In the book of Fleischner [5] also an algorithm for finding A-trails in general plane eulerian graphs is proposed, which is quite useful for smaller graphs and for special families of graphs. This algorithm can be modified so that it finds a non-separating A-trail, that is an A-trail in which at least two edges on the boundary of each face are consecutive in the A-trail. A non-separating A-trail T defines another A-trail, which is orthogonal to T [5] . So a graph with a non-separating A-trail really contains two orthogonal A-trails.
Series parallel extensions and hamiltonian cycles
For plane cubic graphs the following well-known theorem holds, which we will need in the sequel. It is proven for example in [5] .
Theorem 10. Let G be a plane cubic graph. Then G is hamiltonian if and only if the vertices of
G * can be partitioned into two sets V 1 and V 2 such that the induced subgraphs V 1 and V 2 are trees. Moreover, given such a partition the edges which belong to the boundary of exactly one face from F = {f ∈ V 1 }, define a hamiltonian cycle in G.
For bipartite cubic graphs the problem of finding A-trails in their duals can be replaced by the problem of finding hamiltonian cycles in original graphs, as the following theorem from [5] shows:
Theorem 11. A 2-connected plane, bipartite, cubic graph has a hamiltonian cycle if and only if its dual has a nonseparating A-trail.
Corollary 12. A 2-connected plane, bipartite, cubic graph can be extended to a graph with two orthogonal eulerian Petrie tours by doubling some edges if and only if it has a hamiltonian cycle.
In order for a cubic graph G to become eulerian we have to double at least |V (G)/2| of its edges. In other words, we have to double the edges of a 1-factor, which in a bridgeless cubic graph always exists.
Theorem 13. Let G be a 2-connected plane, bipartite, cubic graph. Then G can be extended to a graph with an eulerian Petrie tour by doubling the edges of a 1-factor if and only if G has a hamiltonian cycle.
Proof. Since G is bipartite we may assume that its vertices are colored with white and black colors.
(⇒) Let G be a graph obtained from G by doubling the edges of a 1-factor L and let G have an eulerian Petrie tour. The graph G\L is a 2-factor. Suppose that it is not a cycle-then it is a disjoint union of cycles. With C 1 we denote a cycle of G\L with no other cycle in its interior.
In G we have two types of faces. The faces of the first type correspond to the faces of G and we denote them by F. The second type are the faces obtained by doubling edges of G and will be denoted by D. Graph G is eulerian and therefore its faces can be colored by two colors. We will use red and white colors. We start coloring the faces of G by coloring the F faces inside C 1 red and the ones outside C 1 and touching C 1 white. The red faces inside C 1 are separated by D faces which have to be colored white. We can complete this to a proper face coloring. In such a coloring, the only red faces outside C 1 which touch C 1 are from D.
Since C 1 is not a hamiltonian cycle, there must be at least one red face from F in the exterior of C 1 . Denote such a face by f. The graph G has an eulerian Petrie tour and therefore by Theorem 4, G R has a spanning tree which consists of all the edges of one color. The only red faces of G outside C 1 that the red faces inside C 1 have common vertices with are the faces from D. Those faces have length 2 and thus only one white and one black vertex on the boundary. The corresponding vertices from G R can be then connected by a white (or black) edge only to one vertex inside C 1 or to one vertex outside C 1 . That means, there is no path with all the edges of the same color in G R from a vertex inside C 1 to f, a contradiction. Therefore G\L must be a hamiltonian cycle in G.
(⇐) Suppose G has a hamiltonian cycle G which can be regarded as a simple closed curve in the plane. Let F 1 denote the set of faces in the interior of H and F 2 the set of faces of G which lie in the exterior of H. The faces of G correspond to vertices of G * ; we denote the set of vertices of G * which correspond to faces from F 1 by F * 1 . The induced subgraph T * = F * 1 is then a tree by Theorem 10. Now we double the edges of L = G\H to obtain a graph G . The graph G has two different types of faces: the ones that correspond to the faces of G and can be considered to be from the sets F 1 and F 2 , and the faces of length 2, obtained by doubling the edges from L; we denote the set of these faces by D. We color the faces from F 1 red. To obtain a proper face coloring of faces of G , we must color the faces from F 2 white, the faces from D in the interior of H white and the faces from D in the exterior of H red. We also have a vertex coloring of G by black and white colors as in G. Using the tree T * we can now construct in G R a spanning tree which contains exactly all the white edges of G R .
Two red faces that are adjacent in T * have exactly one white and one black common vertex in G . These two vertices are on the boundary of no other red face because G is a cubic graph. Connecting with a white edge every two vertices of G R which are adjacent in T * results in a graph T which is also a tree since to every edge of T * there corresponds a unique edge of T . We can picture the edges of T as being just "slightly displaced" edges of T * , going across endvertices of the edge instead of going across the midpoints of the edges. To obtain a spanning tree in G R we then add to T the white edges which connect red faces of length 2 outside H with the red faces from F 1 .
Remark. From the proof of Theorem 13 it can be seen that G has two orthogonal eulerian Petrie tours since also the spanning tree which consists of exactly all the black edges from G R defines an eulerian Petrie tour.
We will call a graph which is obtained from a graph G by doubling some edges and subdividing some other edges a single series parallel extension of G. A single series parallel extension of a graph with m edges has at most 2m edges. The problem of single series parallel extensions of plane graphs to graphs with eulerian Petrie tours is also related to the hamiltonian cycle problem. we denote it with H . By Theorem 5, the edges in H can be chosen such that H is also a straight ahead walk. The graph M(G ) is similar to M(G); the only difference is that some vertices of M(G) are split into two vertices of degree two which are then connected with a double edge. Since H is a straight-ahead walk, two such vertices must always be consecutive in H . Therefore the walk H in M(G) having the same sequence of edges as H with the edges not in H omitted, is also a hamiltonian cycle.
(⇐) Suppose M(G) has a hamiltonian cycle H. From the topological point of view, H is a simple closed curve in the plane. We color the faces of G for which the corresponding faces in M(G) lie inside H red and the other faces white. We color the vertices of G inside H white and the vertices in the exterior of H black. If two adjacent faces have the same color, we double all the edges they have in common and if two adjacent vertices have the same color, we subdivide their common edges. We denote the graph so obtained by G . An edge is not doubled and subdivided at the same time as can be seen from Fig. 5 , which shows three different ways a hamiltonian cycle in M(G) can pass through a vertex e-an edge of G; the edges of the hamiltonian cycle are indicated by thick gray lines in the figure.
In the case (a) the cycle H passes through e straight ahead. The endvertices of e in G lie on different sides of H and both faces adjacent to e also have different color. In case (b) the edges from H which are adjacent to e both lie on the boundary of a face of M(G), corresponding to a vertex from G. Both faces adjacent to e in G have the same color, but the endvertices of e have different colors. In case (c) the edges from H which are adjacent to e both lie on the boundary of a face of M(G), corresponding to a face from G. The endvertices of e in G lie on the same side of H, but the faces adjacent to e have different color. The graph G is therefore obtained from G by only doubling some edges and subdividing some other edges. The graph M(G ) is obtained from M(G) so that some vertices of M(G) are split into two vertices of degree two which are then connected with a double edge. Therefore, M(G ) has a hamiltonian cycle H with the same edge sequence as H, with extra edges added between vertices which are split in M(G ). The cycle H passes straight ahead through vertices, which are not split in M(G ). Obviously, the same holds for H . The pairs of new vertices which we have obtained by splitting original vertices of M(G) are connected with double edges and we can always choose one such that H passes straight ahead, see Fig. 5 . The cycle H is then a straight-ahead hamiltonian cycle and by Theorem 5, G has an eulerian Petrie tour.
Example 2. Fig. 6 , right, shows a graph with an eulerian Petrie tour which is obtained as a single series parallel extension from the graph G on the left by finding a hamiltonian cycle in M(G).
For cubic graphs we can improve the bound in Theorem 14. H = (v 0 , e 1 , v 1 , e 2 , . . . , e n , v n = v 0 ) be a hamiltonian cycle in G. Then F = G\H is a 1-factor. We double the edges of F, obtaining a graph G with n/2 additional edges. We denote the set of all edges not in H by F and a pair of double edges by f and f . Let us show that G has a subdivision with an eulerian Petrie tour.
Proof. Let
For simplicity, let us first assume that in G there are no double edges. We will construct a Petrie tour P in G starting at the edge e 1 of H, alternatingly turning left and right at the endvertices. If in such a walk at a vertex v k the edge e k is followed by an edge f ∈ F not yet in P, the next edge will be f , followed by e k+1 . If the edge f is already in P (and therefore f must also be in P), we subdivide e k , the two new edges will be now followed in P by e k+1 . In the case when in the left right walk e k is followed by e k+1 , we check whether the edges f and f from F , adjacent to v k are already in P. If they are not in P and their other endvertex has index smaller than k, we subdivide e k . Now the two edges obtained from e k will be followed in P by f, f and e k+1 . We have subdivided at most n/2 edges because we subdivide at most one edge from H for every pair of edges from F . Now suppose that G also contains double edges. Since G is cubic, only the edges from the hamiltonian cycle H can have a parallel edge; by doubling the edges of F we obtain some triple edges along H. We construct a Petrie walk P in G as above. Any Petrie walk traverses triple edges in the same way as single edges. The triple edges will not be subdivided since their endvertices are adjacent only to the edges from H.
